The gravitational radiation from two point masses in Keplerian circular or elliptic orbit is calculated with the assumption that the orbital plane of the binary undergoes small oscillation about the equilibrium x-y plane. This problem is simplification of a physically possible orbit where one of the point masses is spinning whereby the spin-orbit force drives the orbital plane to wobble in a complicated manner. It is shown that the total energy of gravitational radiation emitted by the binary in this case is greater than the energy emitted when the binary orbit is fixed in the x-y plane. The results presented are in fact a generalization of the classic results of Landau and Lifshitz.
Introduction
We are now passing the exciting days of gravitational wave (GW) research. Earth-based laser-interferometric detectors of gravitational wave are now collecting data, and LIGO has just completed the longest scientific run [1] to date. The space-based detector LISA is expected to open an observational window at low frequencies within the next decade [2] . In such an exciting and important time of gravitational wave research, every bit of information on gravitational radiation, be it theoretical, computational or experimental, is valuable. The most basic of GW science is the energy of radiation emitted by a GW source such as a binary star, a binary black hole etc. Calculation of gravitational radiation energy emitted by point masses in Keplerian elliptical orbit was performed by Peters and Mathews [3] , by Landau and Lifshitz [4] . In current literature, the objectives of gravitational wave research are more focused on detection of GW [5] [6] [7] [8] and on evolution of GW sources [9] [10] [11] [12] . In the present paper, we revisit the GW energy emission problem with a fresh look in the scenario. In most astrophysical binaries, the orbital plane does not remain invariant on a plane. For example, in a binary where one of the bodies is spinning, the spin-orbit force drives the orbital plane to precession [13] or to oscillation in a complex manner [14] . Such precession or oscillation modulates the GW signal and the total energy emitted also changes. Here we consider a simplified problem from the scenario reported in [14] . Let two point masses in a Keplerian binary revolve round the center-of-mass in circular orbit and at the same time, the plane of the orbit is undergoing small oscillation about the equilibrium x-y plane. We assume that the angular frequency of oscillation about the x-y plane is equal to the Keplerian angular frequency of orbital motion in the x-y plane. Moreover, we assume that the amplitude of angular oscillation about the x-y plane is very small compared to the radius of the orbit. We then calculate the energy emitted separately in the two polarization modes of gravitational wave and the total energy emitted in all directions. We find that the amount of energy emitted gets increased which is determined by the amplitude of angular oscillation. This is an important finding, and we feel that many researchers would like to know the way to this result. The paper is organized as follows: In section 2, we briefly summarize the important formulae of gravitational wave. In section 3, we present the problem and the subsequent calculation. Finally, conclusion is presented in section 4.
Gravitational Radiation
Gravitational radiation emission from various astrophysical sources has been the focus of many researches (see, for example, refs. [15] [16] [17] [18] [19] [20] [21] ). Let us consider a source of gravitational radiation characterized by a mass quadrupole moment tensor with the six elements with respect to a set of fixed inertial axes (x,y,z). We define as in [4] , that is,
where ρ is the mass density, and
The waves can be taken to be plane in view of the typically large distance between the source and the observer. The two independent polarization states of the gravitational wave can be represented by the three-dimensional symmetric, unit polarization tensor satisfying the relations . , (2) where is a unit vector in the direction of propagation of the wave. Let us label the two polarizations by [3] 
where θ and φ are conventional polar coordinates. In this basis, the wave form can be written as [22] (4) ( )
where h is the metric perturbation or the GW wave form, and and are the physical components of (the Cartesian components of quadrupole tensor) projected along the directions of the spherical unit vectors and . There exists canonical procedure for obtaining these components, but we simply quote the results from Ref. [22] : The expressions for the intensity of radiation of a given polarization into solid angle
where G is the Newton's gravitational constant and c is the speed of light in free space.
Using Eqs. (3) and (4), we can write for the intensity of GW in ( ) × polarization as 
In the next section we apply these formulae to find out the gravitational radiation energy emitted by a Keplerian binary whose orbital plane is oscillating about the equilibrium x-y plane.
Gravitational Radiation from a Binary with Oscillating Orbital Plane
In many astrophysical binary star systems, the orbit of the stars undergoes precession and oscillation due to many perturbing forces, such as, spin-orbit, spin-spin interactions. Specifically, the spin-orbit force drives the orbital plane to oscillation about the equilibrium plane in a quite complicated manner. One typical case is analyzed in Ref. [14] .
We consider a simplified situation defined by an almost fixed orbital plane confined to the x-y plane, but the orbital plane undergoes very small angular oscillation about the equilibrium x-y plane. This situation simulates some of the characteristics of orbital motion of a Keplerian binary with one particle having small spin. Now, we define the orbit by the following orbital variables:
where ω is the Newtonian angular frequency of the orbit in the x-y plane , ) characterizing the angular oscillation about the x-y plane. This oscillation is of the same frequency as the Newtonian orbital frequency. This choice is not whimsical, but can be considered as practical (see, for instance, Ref. [14] 
Now, using Eqs. (5), (7), and (12), we obtain (13) Since, the system is rapidly rotating about the z-axis, average over the angle φ is appropriate. Hence, we obtain 
Next, we take an average over the orbital period and after a somewhat lengthy calculation we obtain the average
( ) {
This equation gives the average intensity of gravitational radiation per unit solid angle which is dependent on the oscillation parameter b. Moreover, the result correctly reduces to the classic result of Landau and Lifshitz [4] for circular orbit with invariant orbital plane, i.e. when we put b=0. Now, the intensity of (+) polarization is ( ) 
This result also reduces to the classic result of Landau and Lifshitz [4] in the b=0 limit. The total intensity of GW radiation in the present context is found by summing Eq. (15) and (18) . We obtain the total intensity as 
Integrating this expression over all directions, we get the energy radiated in gravitational wave in all directions per unit time as 
Comparing Eq. (20) with Eq. (21), we see that the total energy radiated in gravitational wave by a Keplerian binary system which is undergoing small oscillation of the orbital plane is more than that emitted by a binary system with invariant orbital plane. Hence, we found an important result, namely, the quantity of GW radiation emitted by an astrophysical binary that is undergoing small orbital plane oscillation about the equilibrium x-y plane with angular amplitude b, given by Eq. (20) . If
, compatible with the approximation used in this work, then radiated GW energy increases by about 1%. So, the contribution of the small oscillation considered here in this work is appreciable.
We now extend the calculation of the GW radiation to the case of elliptic binary orbit. In reality, astrophysical binary orbits are elliptic. The orbit may also undergo oscillation. Therefore, a calculation of the GW radiation output from such binaries will be worthwhile to be carried out. With this motivation, we proceed with a simplifying assumption that the orbital oscillation is of the same frequency as that of orbital revolution. The same formulae (7), (8) , (14) and (17) give the gravitational radiation intensity in the present case. We define the orbital elements as that of a Keplerian elliptic orbit. In particular, we assume the following orbital parameters: Using formula (14) and averaging the resulting expressions over the orbital period, we obtain the intensity of (×) polarization component of gravitational wave from elliptical and oscillating binary, after a long calculation as 
This equation gives the average intensity of gravitational radiation per unit solid angle which depends on the oscillation parameter b and eccentricity e. If e=0, i.e., for circular orbit, this equation reduces to equation (15) . Note that ω in equation (15) is now given by dt d / ϕ of equation (22) with e=0. The exactness of equations (15) are not yet known. However, the presence of small oscillation is evident from theoretical investigation [14] , this is why we have performed this study.
Conclusion
We have revisited an old problem, namely, energy radiated in gravitational wave by a Keplerian astrophysical binary system. In literature, we find this problem discussed in the context of a binary in circular or elliptical orbit with the plane of the orbit invariant [3] [4] . Since, it is seen in literature [14] that due to spin-orbit interaction, the orbital plane in a physical binary may undergo oscillation in a manner whose one simplified form is a small oscillation about the equilibrium x-y plane with the angular frequency of this oscillation as equal to the Newtonian orbital frequency, we found it as an interesting problem to find the quantity of GW radiation in such a case. Our problem is the canonical problem of GW radiation from a circular or elliptic binary, but with an additional parameter b which is the amplitude of angular oscillation of the orbital plane (see, Eq. (9)). Our final result is depicted in Eqs. (20) and (28), which give the total energy radiated in all directions in GW per unit time averaged over the orbital period. The formulae we obtain, Eqs. (20) and (28), are an extension of the classic results of Landau and Lifshitz [4] for the case of GW radiation from circular or elliptic binary with fixed orbital plane. The oscillation we considered augments the energy of radiated GW by an amount which is simply dependent on the parameter b. Since our calculation is based on an approximation ( θ θ ≅ sin ), our result predicts for such cases as applicable, a maximum increase of GW radiation energy by about 1% from the cases where there are no oscillation of the binary orbit. We consider our simple calculation presented here as a valuable addition to gravitational wave phenomenology that can arouse interest in practical GW researchers.
